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Introduction. A Fano surface is a surface of general type that parametrizes 
the lines of a smooth cubic threefold. First studied by Fano and then by 
many others, like Bombieri and Swinnerton-Dyer |4], Gherardelli |7j, Tyurin 
[14] . |15| . Clemens and Griffiths [5j, Collino |6], these surfaces carry many 
remarkable properties. In our previous paper |12| . we classified Fano surfaces 
according to the configurations of their elliptic curves. The aim of the present 
paper is to give various applications of this study when the Fano surface 
contains 12 or 30 elliptic curves. 

The main result of the first part of this paper is as follows: 

Proposition 1. The Picard number ps of a Fano surface S satisfies 1 < 
PS ^ 25 and is 1 for S generic. 

A Fano surface that contains 12 elliptic curves is a triple ramified cover of 
the blow-up of 9 points of an abelian surface. 

The Neron-Severi group of such a surface has rank 12, 13 or 25 = ^^'"^{3). 
For S generic among Fano surfaces with 12 elliptic curves, the Neron-Severi 
group has rank 12 and is rationally generated by its 12 elliptic curves. 
An infinite number of Fano surfaces with 12 elliptic curves have maximal 
Picard number 25 = ^^'"^{3). 

Recall that among the K3 surfaces, the Kummer surfaces are recognized 
as those K3 having 16 disjoint (— 2)-curves. They are the double cover of 
the blow-up over the 2-torsion points of an abelian surface (see |11J). Our 
theorem is the analogue for Fano surfaces that contains 12 elliptic curves 
among Fano surfaces. 

In the second part, we study the Fano surface S of the Fermat cubic 
threefold F P^: 

F = {x\ + xl+ xl + xl + xl = 0}. 

Let /i3 be the group of third roots of unity and let a G //3 be a primitive 
root. For s a point of S", we denote by Lg the line on F corresponding to 
the point s and we denote by Cg the incidence divisor that parametrizes the 
lines in F that cut the line Lg. 
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Theorem 2. The surface S is the unique Fano surface that contains 30 
smooth curves of genus 1. These curves are numbered: 

^f,, 1 < ^ < J < 5, /? G /is, 

in such a way that for two such curves Ej- and E^^, we have: 

( 1 z/{i,j}n{s,t} = 

4^1=1 -3 ^fE^,^=El 
\ else. 

The Neron-Severi group NS(5) of S has rank : 25 = dimi?^(5, Og) and 
discriminant 2>^^ . These 30 elliptic curves generate an index 3 sub-lattice of 
NS(S') and with the class of an incidence divisor Cs (s £ S), they generate 
the Neron-Severi group. 

Given a smooth curve of low genus and with a sufficiently large automor- 
phism group, it is sometimes possible to calculate the period matrix of its 
Jacobian [3]. In this paper, we calculate also the period lattice of the Al- 
banese variety of the 2 dimensional variety S. This computation is used to 
determine the Neron-Severi group of S. We determine also the fibrations of 
S onto an elliptic curve and the intersection numbers between the fibers of 
these fibrations and discuss on the more interesting fibrations. 

Acknowledgement. A part of this paper done during the author's stay at the 
Max Planck Institute of Bonn and at the University of Tokyo, under JSPS 
fellowship. 

1. Preliminaries on Fano surfaces. 

1.1. Tangent Bundle Theorem. Let F F"^ he a smooth cubic threefold 
and let S be its Fano surface of lines. We consider the following diagram : 

IT I 

s 

where U is the universal family of lines and vr, -0 are the projections. 

Theorem 3. (Tangent Bundle Theorem [5\). There is an isomorphism : 
7r^:'ip*0{l) ~ ^Isi where 0,s is the cotangent sheaf. 

By this isomorphism, we can identify the spaces H^{F, 0(1)) and H^{S, ^s)> 
the varieties and F{H^{S,Qs)*) o,f^d varieties lA and F{Ts), where 

Ts = n*s. 

We always work with the identifications of the above Theorem. In partic- 
ular, the line Lg ^ F corresponding to a point s in 5 is the projectivized 
tangent space to S" at s. 
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1.2. Properties of Fano surfaces with an elliptic curve. Let us denote 
by C a cone on the cubic F. The fohowing lemmas come from |12| : 

Lemma 4. The cone C is an hyperplane section of F. The curve E parametriz- 
ing the lines on C is naturally embedded into S and is an elliptic curve. 
Conversely, if E ^ S is an elliptic curve on S, the surface ip{-K~^(E)) is a 
cone. 

Let E ^ S he an elhptic curve. 

Lemma 5. We can canonically associate to E ^ S an involution ge '■ S ^ 
S and a fihration '■ S ^ E. 

Let us recall the construction oi aE and 'Je '■ 
For a generic point s of S, the line Lg cuts the hyperplane section Tp{iT^^{E)) 
into a point pg. The line between ps and the vertex of the cone iP{tt~^{E)) 
lies inside this cone and is represented by a point 'Jes in E. The lines Lg 
and L^^s lies on a plane, that plane cuts the cubic into a third residual line 
denoted by Lq-^s. 

Let s is a point of E and let Cg the incident divisor parametrizing the 
lines in F that cut Lg. 

Lemma 6. The fiber 7^5 satisfies : Cg = j'^s + E. We have : Cg = 5 , 
CgE = 1 and E"^ = -3. 

Let A be the Albanese variety of the Fano surface S ; its tangent space 
is H^{S,Q,s)* ■ We denote by : 5 — ?• A the Albanese map. As {} is an 
embedding [5], we consider S" as a subvariety of yl. To the morphisms aE, 'Je 
correspond an involution T,e '■ A ^ A of A and a morphism Te '■ A ^ E 
such that: i? o aE = Tie ° ^ and Te ° '& = '& o Je- 

Lemma 7. ([12\, Lemma 29). The differentials dTiE and dVE of Tie and 

Te are endomorphisms of H^(S,Qs)* 7 they satisfy : 

I + dTE + dVE = 

where I is the identity. The eigenspace of the eigenvalue 1 of the involution 
dTE is the tangent space Te of the curve E ^ A (translated in 0). 

Let us denote by / the projectivization of dTE € GL(H^(S,^ls)*) '■ it 
is an automorphism of = F{H^{S,ns)*). Let pE be the point of 
corresponding to the 1 dimensional space Te C H^{S,fls)* . 

Lemma 8. The involution f preserves the cubic threefold P^. 

The point pe is the vertex of the cone ■0(vr~^(£')). The hyperplane F{Ker(dTE)) 

and pe are the closed set of fixed points of f . 

Conversely, let f be an involution o/P^ acting on F, fixing an isolated point 
and an hyperplane. The isolated fixed point is the vertex of a cone on F. 

We will use the above Lemma [7] as in the following example: 
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Example 9. Let xi,...,X5 be homogenous coordinates of P^. The point 
(1 : : . . . : 0) is the vertex of a cone on the cubic threefold 

F = {xlx2 + G{x2,...,X5) =0} 

(where G is a cubic form such that F is smooth). Let E ^ S he the ehiptic 
curve parametrizing the hues of that cone. By Lemma [71 we see that the 
involution dTiE satisfies: 

dT,E : {xi,X2, . . . , X5) {xi, -X2, -x^) 

and we deduce that cITe is defined by : 

(We : {xi,X2, . . . ,X5) (-2xi,0, ... ,0). 

1.3. Theta polarization. Let S be a Fano surface, let A be its Albanese 
variety and let t!) : S ^ A he the Albanese map. By [5], Theorem 13.4, 
the image Q S x S under the morphism (si,S2) — >• ''^(si) — ??(s2) is a 
principal polarization of A. Let r be an automorphism of S and let r' be 
the automorphism of A such that o r = r' o 1?. Let (si, S2) he a point of 
Sx S, then : t'(i?(si) - t?(s2)) = i?(r(si)) - i?(r(s2)). Thus: 

Lemma 10. The automorphism t' preserves the polarization : t'*Q = Q. 

For a variety X, we denote by H'^{X,Z)f the group H'^{X,'L) modulo 
torsion. We denote by NS(X) = H^^^{X) n H'^{X,Z)f its Neron-Severi 
group and by px its Picard number. For a divisor D in X, we denote its 
Chern class by ci{D). 

The author wishes to thank Bert van Geemen for a useful discussion on the 
following Theorem: 

Theorem 11. a) If D and D' are two divisors of A, then: 

r{DW(D') = ^ ^ a3 ci(G) a ci[D) A ci{D'). 
h) The following sequence is exact: 

^ m{A) ^ m{s) Z/2Z o. 

c) The Neron-Severi group of S is generated by '!?*NS(A) and by the class of 
an incidence divisor Cg (s & S). The class of 'd*{Q) is equal to 2Cs- 

d) We have Pa = Ps ^ '^^ = dim H^{S, 1^5) and ps = 1 for S generic. 

Proof. The morphism ■(? is an embedding and the homological class of 
is equal to gjO^ ([2] proposition 7), this proves a). 
Since is a polarization, the bilinear symmetric form 

Qe : H^{A, C) X H^{A, C) ^ C 

defined by 

Q0{Vi,m) = ci(e) At?i Ar/2 
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is non-degenerate (Hodge-Riemann bilinear relations, section 7 chapter of 
[8]). That implies that the morphism 

r : H\A,C) H^{S,C) 

is injective, and since S and A have the same second Betti number [7] (2), 
it follows that the homomorphism 

I?, : H2iS,Z)f^ H2{A,Z) 

is injective. By 2.3.5.1, we have the following exact sequence: 

H2{S,Z)f ^ H2iA,Z) ^Z/2Z^ 0, 

thus 

^ H2{S, Z)f ^ H2iA, Z) ^ Z/2Z 
is exact. By duality, this yields: 

^ H^{A, Z) ^ H^{S, Z)f^ Z/2Z 0. 

As the spaces H^'^{A) and H^'^{S) have dimension 25 (see [5]), we have : 
'&*{H^'^{A)) = H^'^{S). This implies that the sequence: 

^ NS(^) ^ m{S) Z/2Z 

is exact. This sequence is exact on the right also because 'd*Q = 2Cs by 
Lemma 11.27 of [5] (0 is a principal polarization, it is not divisible by 2, 
hence the class of Cs and t?*NS(^) generate NS(S')). This proves b). 
By |6|, any Jacobian of an hyperelliptic curve of genus 5 is a limit of the 
Albanese varieties of Fano surfaces endowed with their principal polarization. 
By [9j , the endomorphism ring of a Jacobian of a generic hyperelliptic curve 
is isomorphic to Z. If the generic Albanese variety of Fano surface were 
not simple, then also its limit would be non-simple. This is a contradiction, 
hence = 1 for a generic Fano surface. □ 

2. Fano surfaces with 12 elliptic curves. 
Let A G C, 7^ 1, the cubic threefold: 

Fa = {xf + xl + xl- 3A3;i3;2X3 + x| + = 0} P'' 
is smooth. Let ei, . . . , 65 be the dual basis of xi, . . . , X5. The 12 points: 

C(e4 - /3e5), C(e, - (3ej) e W\ 1 < i < j < 3, f = 1 

are vertices of cones in F\ . Let S\ be the Fano surface of F\ . We denote by 
E^j ^ Sx the elliptic curve that parametrizes the lines of the cone of vertex 
C(ei — f3ej) (see Lemma H]). Let (yi : 7/2 : 2/3) be projective coordinates of 
the plane. Let Ex ^ be the elliptic curve: 

Ex = {yf + yl + yl- ^Xymys = 0}. 
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with neutral element (1 : —1 : 0). By [12j, the 9 curves E^^, 1 < i < j < 

3, = 1 are disjoint and isomorphic to Eq ; the 3 curves E^^, (3^ = 1 are 
disjoint, isomorphic to Ex and : 

E^^^Er = 1, VI < i < i < 3, /33 = 73 = 1. 

Conversely, let S be a Fano surfaces with 12 elliptic curves, then : 

Lemma 12. ([12\, Parag. 3.3) There is a set of 3 disjoint elliptic curves 
on S isomorphic to E^^ (for some S C j such that the 9 remaining elliptic 
curves are disjoint and such that the surface S is isomorphic to 5"^. 

Let Y be the surface Y = Ex x Ex- Let Ti and T2 be the elliptic curves: 

Ti = {x + 2y = 0/{x, y)eExX Ex} 
T2 = {2x + y = 0/(x, y)eExX Ex] 

on Y and let A y be the diagonal. Any 2 of the 3 curves Ti, A meet 
transversally at the 9 points of 3-torsion of A. We denote by Z the blow-up 
of Y at these 9 points. 

Proposition 13. The Fano surface Sx is a triple cyclic cover of Z branched 
along the proper transform of A + Ti +T2 in Z. 

Proof. Let a G /^a be a primitive root. The order 3 automorphism 

/ : X — )• {axi : ax2 ■ 0x3 : X4 : X5) 

acts on Fx . The automorphism / acts on the Fano surface of lines of Fx by 
an automorphism denoted by r. As we know the action of /, we can check 
immediately that the fixed locus of r is the smooth divisor El^ + E"^ + £"45 . 
The quotient of Sx by r is a smooth surface Z' with Chern numbers = —9 
and C2 = 9 and the degree 3 quotient map r] : Sx ^ Z' is ramified over 

E45 + -^45 + -^45 . 

For an elliptic curve E ^ S, we denote hy 'Je '■ S ^ E the associated 
fibration (Lemma [5]). By Lemma [6l the morphism 

g = {lE?',,lpc.2) ■■ Sx-^Y 



^45' 



has degree 3 = (C7, - E^5)(Cs - E2^). Let he E = E'l^ (for /S^ = 1). 
Let s be a generic point of S. By definition (see Lemma [3]), the line Lg 
cuts the line L^^g- As L^^g is stable by /, the line f{Ls) = cuts also 
the line L^^g, thus, by definition of je, Jets = 'fES. That proves that 
'jE o T = 'jE, and g o T = g. Hence, by the property of the quotient map, 
there is a birational morphism: 

h:Z'^Y 

such that g = ho rj. 

Let t be the intersection point of E\2 and E\^ and let ?9 : S'a — )• Ax be the 
Albanese map such that ??(t) = 0. It is an embedding and we consider Sx as 
a subvariety of Ax. The tangent space to the curve E^^ Ax (translated to 
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0) is Va = C(/3e4 - /J^eg). The tangent space of £"^5 x Efl is V„2 . With 
the help of Lemma [7] and Example [9l it is easily checked that the images 
under g of the curves E\^, £"45, £"45 are respectively A, Ti and T2- 
Moreover, the morphism g has degree 1 on these 3 elliptic curves and con- 
tracts the 9 elliptic curves E"^-, 1 < i < j < 3, = 1. This implies that the 

image under g of + £"45 + is Ti + T2 + A and Z' is isomorphic to 
Z. □ 

Let D be the proper transform of A + T2 + T2 in Z . By the above Propo- 
sition [13] and [Ij, Chap. I, parag. 17 &: 18, the divisor D is divisible by 3 in 

m{z). 

As Y is an Abelian surface, there exist 3^ invertible sheaves Con Z such that 
£®3 _ Q^(^[)y Let S'(£) — 7- Z be the degree 3 cyclic cover of Z branched 
over D associated to such C. 

Corollary 14. The surface S{C) contains 12 elliptic curves 

E^^„Er,l<i<j <3, (3^ = ^^ = 1 
that have the same configuration as for Sx, moreover, the divisor 

/33=1 

is a canonical divisor of S{C). 

Among these 81 invertible sheaves, there exists a unique C such that S{C) is 
a Fano surface, it is then isomorphic to S\. 

Proof. See [Ij, Chap. I, parag. 17 & 18. For the uniqueness of the invertible 
sheaf C : suppose that S{C) and S{C') are Fano surfaces. By construction, 
they contain 12 elliptic curves, 3 of them are isomorphic to Ex and cut the 9 
others, thus by Lemma [12] 5(£) and S{C') are isomorphic to S\, therefore: 
C = C'. □ 

Remark 15. The remaining 80 surfaces S{C) are thus "fake" Fano surfaces 
and are on different components of the moduli space of surfaces with = 45 
and C2 = 27. 

Let a be a third primitive root of unity. Let us now study the Neron-Severi 
group of S. 

Proposition 16. 1) Suppose that Ex has no complex multiplication. The 
Neron-Severi group of Sx has rank 12. The sub-lattice generated by the el- 
liptic curves and the class of an incidence divisor Cs has rank 12 and dis- 
criminant 2.3^^. 

2) If Ex has complex multiplication by a field different from Q(a); then the 
Neron-Severi group of Sx has rank 13. 

3) If Ex has complex multiplication by Q(a) then the Neron-Severi group of 
Sx has rank 25. 
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Proof. We can easily compute the Picard number of the AbeUan variety 
EqX Ey By [12], the Albanese variety A of 5a is isogenous to Eq x Ef, thus 
their Neron-Severi groups have same rank and according to the cases 1), 2) 
and 3), this rank is 12, 13 or 25. Then, Theorem 1 1 1 1 imphes that the Picard 
number of Sx is 12, 13 or 25 respectively. □ 

3. The Fano surface of the Fermat cubic. 

3.1. Elliptic curve configuration of the Fano surface of the Fer- 
mat cubic. Let S be the Fano surface of the Fermat cubic F = 

Let ei, . . . , 65 G H^{S, ^s)* be the dual basis of basis of xi, . . . , X5. Let fi^ 
be the group of third roots of unity, let 1 < i < j < 5 and let j3 ^ fi^. The 
point: 

pf. = C(ei-/3e,-) eP^ 

is the vertex of a cone on the cubic F. We denote by E^ - ^ S the elliptic 
curve that parametrizes the lines on that cone. The complex reflection group 
G(3, 3, 5) (in the basis ei, . . . , 65 of H^{Qs)*) is the group generated by the 
permutation matrices and the matrix with diagonal elements a, a, a, a, c? 
(where a G /X3 is a primitive root). 
We recall the following: 

Proposition 17. The Fano surface of the Fermat cubic possesses 30 smooth 
curves of genus 1 numbered : 

^f,,l<i< j<5, /3G/X3. 

1) Each smooth genus 1 curve of the Fano surface is isomorphic to the Fermat 
plane cubic E := {x^ -\- + = 0}- 

2) Let Ejj and E^^ be two smooth curves of genus 1. We have : 

( 1 ^/{^,j}n{s,^} = 

4^1= \ -3 ^fE^^=El 
\ else. 

3) Let E ^ S be a smooth curve of genus 1. The fibration 7^ has 20 sections 
and contracts 9 elliptic curves. 

4) The automorphism group of S is isomorphic to the complex reflection 
G(3,3,5). 

Proof. See [12] . For 4), we use the fact that an automorphism of F must 
preserve the configuration of the 30 vertices of cones and the 100 lines that 
contain 3 such vertices. □ 

3.2. The Albanese variety of the Fano surface of the Fermat cubic. 

Let S be the Fano surface of the Fermat cubic F. Our main aim is to compute 
the full Neron-Severi group of S: this will be done in the next paragraph. 
We first need to study the Albanese variety A of S. 
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3.2.1. Construction of fibrations. In order to know the period lattice of the 
Albanese variety of S, we construct morphisms of the Fano surface onto an 
elliptic curve and we study their properties. 

Let : S ^ A he a. fixed Albanese map. It is an embedding and we 
consider S sub-variety of A. 

Recall that if r is an automorphism of S, we denote by r' G Aut(A) the 
unique automorphism such that t' o'd = "Q o t. 

By [12j, the reflection group G(3, 3,5) is the analytic representation of 
the automorphisms r', r G Aut(5'). The ring Z[G(3,3,5)] C End(F°(1^5)*) 
is then the analytic representation of a sub-ring of endomorphisms of the 
Abelian variety A. 

Let us denote by A^ the rank 5 sub-Z[Q;]-module of H^{Q,s) generated by 
the forms: 

Xi - (3xj {i < j, /3 £ /is). 

Let £ be an element of A^. The endomorphism of H°{il.s)* = H^iS,^s)* 
defined by x — t- i{x){ei — 62) is an element of Z[G(3, 3, 5)]. Let us denote by 
Ti : A ^ E, the corresponding morphism of Abelian varieties where ¥. ^ A 
is the elliptic curve with tangent space C(ei — 62). We denote by 7^ : S" — t- E 
the morphism L^ o ■i?. 

For 1 < i < j < 5 and (3 G fi^, the space: 

C{ei-^ej)cH^{nsr 
is the tangent space to the elliptic curve E^^ A translated to (Lemma 

E}. 

Let Hi{A,Z) C H^{ns)* be the period lattice of A. The elliptic curve E 
has complex multiplication by the principal ideal domain Z[a]. There exists 
c G C* such that : 

Hi{A, Z) n C(ei - 62) = Z[a]c(ei - 62). 

Up to the basis change of ei, . . . , 65 by cei, . . . , ces, we may suppose c = 1. 
Since G(3,3,5) acts transitively on the 30 spaces C(ej — f3ej), we have: 

Hi{A,Z) n C(e, - (3ej) = Z[a](ei - /3e,-). 

We define the Hermitian product of two forms i, i' G A^ by : 

fc=5 

k=l 

and the norm of £ by: ||£|| = {£, £) . Let Cg be an incidence divisor. 

Theorem 18. Let £ be a non zero element of A.\ and let Fi be a fibre ofje. 
1 ) The intersection number of Fi and E^ - ^ S is equal to: 

E^,Fe = \£{e,-Pej)f. 
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2) We have: F^Cs = 2 and the fibre has genus: 

g{Fe) = l + 3\\ef. 

3) Let £ and I' be two linearly independent elements of K\ C H^{U,s). The 
morphism ti^^i = (7^, 7^/) : 5 — ?• E x E has degree equal to F^F^i and : 

F,F, = \\if\\ef-{i4'){i',t). 

Remark 19. The known intersection numbers FpE^- and FeCg enables us to 
write the numerical equivalence class of the fibre F^ in the Z-basis given in 
Theorem [29] below. 

Let us prove Theorem 1181 The part 1) is a trick: 
For 1 < i < i < 5 and /3 G /X3, we can interpret geometrically the intersection 
number E^-F^ as the degree of the restriction of 7^ to E^- ^ S. It is also 

the degree of the restriction of to -E^- ^ A. As this restriction is the 

multiplication map by £{ei — /3ej), the degree of the morphism on E^j is 

equal to \i{ei - f3ej)\^. Thus F^E^j = \£{ei - /3ej)p. 
Let us study the genus of Ff. 

Lemma 20. The fibre of Fe has genus 1 + 3 \\£f and CsF^ = 2 ||£f (where 
s is a point of S and Cg the incidence divisor). 

Proof. Let S be the sum of the 30 elliptic curves on S. We have: 

SF, = FeEi^^ = ^ \e{e, - /3e,)|' = 12 \\if . 

As F^ is a fibre, we have Ff = and since S is twice a canonical divisor [5j, 
we deduce that Fi has genus 1 + i(0 + ^SF^) = 1+3 . 
The divisor 3(7^ is numerically equivalent to a canonical divisor j5]. Thus: 
CsF, = 2\\£f. □ 

We identify the Chern class of a divisor of the Abelian variety A with an 
alternating form on the tangent space H^{Q.s)* of ^ ([3], Theorem 2.12). 
Let G be the principal polarization defined in paragraph 11.31 

Lemma 21. The Chern Class of Q is equal to: 

5 

P dxj A dxj 
V 3 j=i 



a- 



where a is a scalar and i"^ = —1. 

Proof. Let H be the matrix (in the basis ei, . . . , 65) of the Hermitian form 
associated to ci(G) (see [3], Lemma 2.17). The automorphism r' induced by 
T E Aut(5) preserves the polarization B (Lemma [TOl) . This implies that for 
all M = {mjk)i<j,k<5 £ G(3, 3,5), we have : 

^MHM = H 
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(where M is the matrix M = {mjk)i<j,k<5) and this proves that 

where is the identity matrix and a G C. Hence: ci(B) = a-^ Sj=i '^^i ^ 
dxj . □ 

Since Hi{A,Z) n C(ei — 62) = Z[a](ei — 62), the Neron-Severi group of 
the elhptic curve E is the Z-module generated by 

7] = —j=dz A dz 
v3 

where z is the coordinate on the space C(ei — 62). 

Let £ = aiXi + • • • + 05X5 be an element of A^. The puh back of the form r/ 
by the morphism : A — )■ E is: 

r|r/ = ^dl A dJ. 
v3 

The form F^r/ is the Chern class of the divisor F|0 and 7^7/ = 'i?*F|77 is the 
Chern class of the divisor F^. 

Lemma 22. Let i and I' he two elements of then: 

F,F,, = \\i\\'\\ef-{i,i'){i\i) 

and ci(e) = ^ X^C? dxi A dxj. 

Proof. By the Theorem II H '!9*ci(G) is the Chern class of the divisor 2Cs 
(s G S) and: 

2C,F, = rci(e)rF|7? = ^ ci(e) a f^t? 

hence: 

2C,F£ = (^)5 / {r\j^k{dxj ^dxJ)) 



l<fc<5 



and: 

fc=5 



2C,F, = (- VafcOfc)^ / A5ci(e). 



Since is a principal polarization, we have ^ A^ci(B) = 1, hence: 2CsFi = 
- \\£\\ . We have seen in Lemma [20] that C.F^ = 2 ||^|| . Thus we deduce 
that a = 1. 

By Theorem [TT| for £ = aixi + • • • + 05X5 and i' = 61X1 + • • • + 65X5 G A^, 
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Since 

^{-^fdeAdlAd£'AdFA{A^ci{@)) = {J^akakhjlj - akdjbjh)^ A^ ci{e), 
V3 5. 

the result follows. □ 

Let i and i' be two linearly independent elements of A^. The degree of 
the morphism T£^£' = {^e,je') is equal to F^Fi' because t^£/(IE x {0}) = Fgr G 
NS(5), t;^,({0} xE) = Fi £ NS(5) and the intersection number of the 
divisors {0} x E and E x {0} is equal to 1. 

This completes the proof of Theorem [THJ □ 

3.2.2. Period lattice of A. We compute here the period lattice of the Al- 
banese variety A in the basis ei, . . . , 65. 

Theorem 23. The lattice Hi{A,'L) is equal to: 

Z[a](ei - 65) +Z[a](e2 - 65) + Z[a](e3 - 65) + Z[a](e4 - 65) 
+\^Z[2,a]{a^ei + a^e2 + ae-i + 064 + 65). 

The variety A is isomorphic to E"^ x E' where E = C/Z[a] and E' = C/Z[3a]. 
The image of the morphism : NS(yl) — t- NS(S') is the sub-lattice of rank 
25 and discriminant 2^3^*^ generated by the divisors : 

F^^_p2^^ = Cs-E^j,l<i<j<5,l3en3 and ^ S^-. 

i<j 

Proof. The group G(3, 3, 5) acts on Hi{A,'L) and : 

HiiA^I) n C(ei - I3ej) = Z[a]{ei - /3ej), 

hence Hi{A,'L) contains the lattice Aq = YliKj pi^^^ Z[a](ei — (3ej). 

For l<i<j<5,/3G/U3, the differential of Tx^-^Xj is the morphism 

re — 7- (xj — /3xj){ei — 62). Thus: 

VA = (Ai,...,A5) G HiiA,Z), Xi-/3Xj G Z[a]. 

Let us define 

A = {x = {xi, ,x) G C^/xi - f3xj G Z[q!], 1 < i < i < 5,/3 G /is}. 

This lattice A contains Z) and is equal to 

Z[a]ei e • • • e Z[Q;]e4 Zfaltu, 

a — 1 

where U) = ei + • • • + 65. Let i;^ : A — t- A/Aq be the quotient map. The group 
A/Aq is isomorphic to (Z/3Z)^ and contains 6 sub-groups. The reciprocal 
images of these groups are the lattices 

Ao= 0-1(0) A„2= Ao + ^Zu; 

Ai = Ao + -^Zw Ac,_i = Ao + Zu) 
Aa= Ao + ^Zty A= Ao + ^Z[a]t(;. 



FANO SURFACES WITH 12 OR 30 ELLIPTIC CURVES 



13 



These are the 6 lattices A' which verify Aq C A' C A, thus the lattice 
Hi(A, Z) is equal to one of these. 

Let LJ be the alternating form co = -^"^k^idxk A dxk (see Lemma [22|) . 
We have 



1 " 

w, -w € A. 



a — 1 a — 1 
However 

,1 a , 5 

uj{ -w, -w) = -- 

a — 1 a — 1 6 

is not an integer, hence A is different from Hi{A,'L). 

The Pfaffian of ci(0) relative to Hi{A,'Z) is equal to 1 because B is a prin- 
cipal polarization. The Pfaffian of cj relative to the lattice Aq is equal to 9, 
hence Aq is different from Hi{A,'Z). 

We have Ai_q = ©Z[a]ej and the principally polarized Abelian variety 
(C^/Ai_a,a;) is isomorphic to a product of Jacobians. Since (A, ci(0)) can- 
not be isomorphic to a product of Jacobians ([5], 0.12), Hi[A,'L) ^ Ai_a- 
The lattice A„i is equal to: 



[a](ei - 65) -hZ[a](e2 - 65) + Z[a]{e3 - 65) + Z[a]{e4 - 65) 



-|-3^Z[3a](a^ei -|- 0^62 -|- aes -|- 064 -|- 65). 



The lattices Ai and A^ depend upon the choice of a such that + a + 1 
hence the lattice Hi{A,7i) is equal to A^2. 
Let be 

Ul = ei - 62, U2 = €2- 63, U3 = 63 - 64, 1*4 = 64 - 65, 



,2 



ti5 = ei -I- a^62 + 063 -I- a64 -I- 65) 

The Hermitian form H' = -^1^ iii the basis ui, ... ,7/5 defines a principal 
polarization of A. Let End''(A) be the group of symmetrical morphisms 
for the Rosati involution associated to H' . An endomorphism of A can be 
represented by a size 5 matrix M in the basis m, . . . ,ti5. The symmetrical 
endomorphisms satisfy ^MH' = H'M i.e. ^A = A. As we know Hi{A,'Z), 
we can easily compute a basis B of End'' (A). 
By [3], Proposition 5.2.1 and Remark 5.2.2., the map: 

(pH' ■■ End" (A) ^ NS(A) 

M ^ Qm{-*MH'-) 

is an isomorphism of groups. We obtain the base of the Neron-Severi group 
of A by taking the image by (pH' of the base B. Then we get the image of 
the morphism i9* : NS(A) ^ NS(S'). □ 

Remark 24. By Theorem \23\ the variety A is biregular to E'^ x E' , but by 
[5] (0.12), this cannot be an isomorphism of principally polarized Abelian 
varieties. 
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3.2.3. Study of some fibrations, remarks. Let X be a smooth surface, C a 
smooth curve, 7 : X — )• (7 a fibration with connected fibres. A point of X is 
cahed a critical point of 7 if it is a zero of the differentiah 

A fibre of 7 is singular at a point if and only if this point is a critical point 
(^j Chapter III, section 8). 

Let us suppose that C is an elliptic curve. The critical points of 7 are then 
the zeros of the form 7*0; G H°{X, where w is a generator of the trivial 
sheaf r^c*. 

Let us assume that the cotangent sheaf of X is generated by global sections. 
There are morphisms: 

¥{Tx) ^ F{HO{X,nxr) 

TT I 

X 

where tt is the natural projection and the morphism ip, called the cotangent 
map |13], is defined by 7r^ijj*0{l) = Qx- 

A point X of X is a critical point of 7 if and only if the line = tlj{'K^^{x)) 
lies in the hyperplane 

{j*uj = 0}^F{H%X,nxr). 

The initial motivation for studying Fano surfaces is the fact that for those 
surfaces, the cotangent map is known : it is the projection map of the 
universal family of lines. The example of Fano surfaces gives an illustration 
that the knowledge of the image of the cotangent map is powerful for the 
study of a surface. 

Let S be the Fano surface of the Fermat cubic F. 

Notation 25. For 1 < i < j < 5, we define Bij = Bji = X]/3e^3 ^ij' 

■ Let 1 < i < 5 and j<r<s<the such that {i, j,r, s,t} = 
{1, 2, 3, 4, 5}. We define = a)x, £ A\. 

Corollary 26. The fibration j£. : S ^ E, is stable, has connected fibres of 
genus 10 and its only singular fibres are: 

Bjr + Bst, Bjs + Brt, Bjt + Brs- 

The 27 intersection points of the curves Ej^ and E^^ (73,7 G ^aj constitute 
the set of critical points of this fibration. 

Proof. By Theorem [18] 1), a fibre of 7^, has genus 1 + 3|1 — Qp = 10. 
Let /3 G /is, h,k G {j,r,s,t}, h < k. The form £i is zero on the space 
C(e/i — /3efc), hence E^^^ is contracted to a point and is a component of the 
fibre of 7^ , . 

The divisor Di = Bjr + Bst is connected, satisfies {Bjr + -Bst)^ = and has 
genus 10. Its irreducible components are contracted by 74. Hence, it is a 
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fibre and 7£. has connected fibres. Likewise, the divisors D2 = Bjg + Brt and 
D3 = Bjt + Brs are fibres of 7^ . . 

The 27 lines inside the intersection of the Fermat cubic and the hyperplane 
{£{ = 0} correspond to the 27 intersection points of the curves E^^^ and E'^^ 
such that : h < k, I < m and {i, h, k, I, m} = {1, 2, 3, 4, 5}. These 27 critical 
points lie in the fibres Di , D2 , D3 . These 3 fibres are thus the only singular 
fibres of 7£;. 

The singularities of Di , D2 and are double ordinary and the surface 
possesses no rational curve, the fibration is thus stable. □ 

■ Let (oi, . . . ,05) G /il be such that ai...a^ = 1 and let 

i= {1 - a){aixi H h 05X5) G A^. 

Corollary 27. The divisor 

D= V E"".^"' 
i<«<i<5 

is a singular fibre of the Stein factorization of 'ji. 

Proof. The connected divisor D satisfies = 0, has genus 16 and by The- 
orem [181 the irreducible components of D are contracted by 7£. 

Let w £ H"{Qs)* be : w = ei -\ h 65. We have 

2 

1 — a 

The morphism x — t- {aixi + • • • + a^x^)w G End{H°(Qs)*) is an element 
of Z[G(3,3, 5)]. It is the differential of a morphism : ^ — t- E' where 

E' = iC/^Z[3a])w. 

The morphism has a factorization by F^ and a degree 3 isogeny between 
E' and E. The divisor D is a connected fibre of the morphism o F^, the 
Stein factorization of 7^. □ 

■ The curve E^^j is the closed set of critical points of the fibration 

l(l-a)(xi+l3xj)- 

This fibration has only one singular fiber and this fiber is not reduced. 

■ We can construct an infinite number of fibrations with 9 sections and 
which contract 9 elliptic curves. Let us take a G Z[a] and 

£ = xi - (1 + (1 - a)a)x2 G A^. 

Corollary 28. The 9 curves E^^,E^^ and E^^ (j3 G are sections of 
The 9 curves E^^,E^^ and E^^ (/3 G Hs) are contracted. 

Proof. This follows from Theorem [T8] and the fact that 

\e{ei - /3e3)| = \i{ei - /3e4)| = |^(ei - /Jeg)! = 1, (/? G //a) 
\iie3 - /3e4)| = 1^(63 - /3e5)| = \£{ei - /Jes)! = 0. 

As FiE\2 = 1, the fibration 7^ has connected fibres. □ 
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3.3. The Neron-Severi group of the Fano surface of the Fermat 
cubic. 

Let S be the Fano surface of the Fermat cubic and NS(5) the Neron-Severi 
group of S. 

Theorem 29. The Neron-Severi group of S has rank 25 = dim H^{S,ils) ■ 
The 30 elliptic curves generate an index 3 sub-lattice o/NS(5). 
The group NS(5') is generated by these 30 curves and the class of an incidence 
divisor Cg (s £ S), it has discriminant 3^^. 

The relations between the 30 elliptic curves in NS(5) are generated by the 
relations : 

Bjr + Bst = Bjs + Brt = Bjt + Brs, 

for indices such that l<j<r<s<t<5. 

Proof By Theorem [T71 we know the intersection matrix X of the 30 elliptic 
curves. As we can verify, the matrix I has rank 25. The intersection matrix 
of the 25 elliptic curves different to the 5 curves 

rpa Tpa rpa rpa rpa 
^13^ -^^15) -'^24) -£^34) -^^45 

has determinant equal to 3^" and these 25 curves form a Z-basis of the lattice 

generated by the 30 elliptic curves. 

By Theorem [23l the image of the morphism 

NS(^) ^ NS(5) 

is a lattice of discriminant 2^3^^ generated by the class of Cg — E^- and by 
^i<i<j<^^}j- Theorem 1111 implies that NS(5) is generated by these classes 
and the class of an incidence divisor Cs- This lattice is also generated by the 
classes of the 30 elliptic curves and Cg- □ 

We remark that Corollary [26] gives a geometric interpretation of the nu- 
merical equivalence relations of Theorem [29l 
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